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THE INFLUENCE OF MODIFIED WATER -SOLUBLE FULLERENES ON THE MOBILITY MALE
SPERM CELLS
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The influence of modified watesoluble fullereneg ssN1oHescCls, CooPsO15H6K s, C105010KsClH40 (in concentrations '
of 1 mg/ ml, 0.1 mg/ ml and 0.01 mg/ ml, 1 Og/ ml and 0.1 (
membr ane potenti al of sperm cell 6s mitochondria during

shown thathe incubation of sperm cells with fulleren@sPsO1sHsKs, Ci0s010KsCIH40is accompanied by an increase
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in their mobility. The lower was the concentration of these compounds, the more was the increase of sperm cells motility.
It could indicate a lack ofytotoxicity of these compounds as well as the possibility of their use as stimulants of the
mitochondria activity of the sperm cells. It was also found that fullessiécHeCis is extremely toxic to sperm cells.

t OMmh d tcj tdgddy 2tcOls

The development ofanotechnology leads to the emergence of new forms of substances. Currently, fullerenes
occupy a special place in the nanoindustry. Many experts consider them as a very promising material for medicine and
biotechnology. The search for new biologicallyiaetcompounds with antioxidant and radioprotective properties has
led to the discovery of watesoluble fullerenes. The biological properties of this category of fullerenes and their func-
tional derivatives are studied and already used to create new didig®anaterials.

The influence of modified wategoluble fullerenes ssN1odHsoCls, CooPsO15H6Ks, C105010KsClH40 (in concentrations _
of 1 mg/ ml, 0.1 mg/ ml and 0.01 mg/ ml, 1 Og/ ml and 0.1 (
membrane potet i a l of sperm cell 6s mitochondria during their i

It was shown that the incubation of sperm cells with modified wskible fullerenesCgoPsO15HeKs,
C105010KsClH40in these concentrations is accompanied by an increase in their mobility. It was also found that the lower
is the concentration of these compounds, the more is the increase of sperm cells motility.

It was shown that during the incubation of sperm cell Wit modified fulleren€:0:0:0KsCIHaothere was an
increase in the average intensity of intracellular fluorescentcgifiacker redmOre than 2 times (by 120%) at a concen-
tration of 0.01 mg/ml and by 46% at a concentration of 0.1 mg/ml. It was ghewvitine lower was the concentration of
C105010KsCIH40 during sperm cells incubation the more was the effect of transmembrane mitochondria fabegrijal
increase. Similar results were found after one hour of incubation the mobile fraction of spemwitbedlsnodified
fullereneCsoPsO15HeKs. However, the increase in the average intensity of intracellular fluorescencel @ftheerred
marker was not so pronounced, although it also depended on the concentration of fullerene.

Since the incubation operm cells with modified watesoluble fullerene€soPs015HeK s, Ci05010KsCIH40at a con-
centration below 1mg/ml for one week is accompanied by a significant increase of their mobility, it could indicate a lack
of cytotoxicity of these compounds at tltaincentration as well as the possibility of their use as stimulant of the mito-
chondria activity of the sperm cells.

In the study it was found that modified wataluble fullerenetgsNioHsoCis is extremely toxic to sperm cells. It
was shown that the highe&rthe concentration of modified fullerene during incubation, the stronger is its toxic effect.

The reduction of the sperm cells mitochondria transmembrane pofem@al) during the incubation with ssN1oHesoCis
is consistent with the previously obtaingdta about the changes in sperm cells motility. Thus, the incubation of male .
sperm cells with this compound at a concentration of 1O0Og

s dz¢ yJ Midzise G Zdzdzj t6j dz" . MY j OB BN s lss-sdzited d,
Key words: fullerenes, male sperm cells, mitochondria, mobility.
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Abstract

The article deals with the problem of the structure and personal sititop@f the medieval Karelian nobility. The
issues of territorial localization of the Korelian five genera in the Swedish and Russian territories in-¥ié ¢@htu-
ries are considered. The author shows that the "sixth genus”, mentioned once indbg $othie genealogical branch
of the genus Kurolchi. The territorial locations of the Navoloch family was determined, as well as direct descendants of
its highest nobility, who in the XMKVI centuries had land plots in the Vazhinsky and Pirkinichi pagadtthe
Obonegskaja pjatina. |t was revealed that some of the de
of Bogorodskoye, Nizhny Novgorod county, together with its founders in 1579/1580. The genealogy of the Bogorodsky
settlers idriefly traced and all the local surnames that originated from them are revealed. It is shown that the Karelian
settlers brought to the village of Bogorodskoye a leather craft.
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Key words: five Karelian genera, ancestral Karelian nobility, the Rovkulchi genus, the Tivrolchi genus, the Vymol-
chi genus, the Valdola genus, the Kurolci genus, the Navoloch genus
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NONDIFFERENTIABLE OPTIMIZATION

Sadygov Misraddin Allaxverdi oglu
Doctor of Physikal and Mathematical Sciences, Professor
Mathematics Department of Baku State University,
AZ1073/1, Azerbaijan, Baku, Z.l.Khalilov str.23

Abstract. In the paper, using the classesS# (a,b,n,d,w) and S- (b,d) locally Lipschitz mappings at

the point, second order nesary conditions of the extremum are received for extreme problems in the presence of
restrictions.

Keywords: locally Lipshitz mapping, sublinear function, cone, convex set.

1. Introduction conditions of the first order are received. In this work

Study of the smooth extremal problems withnecessary conditions of extremum in the first and second
restriction (the problems on conditional extremum) i@rders for nonsmooth and in particular for smooth extreme
based on the Lagrange's principle offered by J.L. Lagrangeoblems with restrictions are proved. Note that when
at the end of the 18th century. Strict justification of theeceiving necessary conditions of the extremum the

Lagrange principle for the wide class @roblems essential role plays the classes®f (a,b,n,d,w) and
demanded serrous efforts of many mathematicians a

was generally finished in the second half of the xx>- (D,d) locally Lipschitz mappings at the point (see
century. The convex extremal problems with restriction ig4-7]). In the work using subdifferential of marginal
well studied in the book [1]. Nonsmooth extremalfunction (see [8], p. 212) second orde necessary conditions
problems with restriction are codsired in the book [2,3], of the extremum for extremal problems with restrictions
and in the classes of locally Lipschitz functions necessagye received.

2. Classthe locally Lipschitz functions of higher order

Let X and Y be BanachspaceCE X, F:X- Y ,S:X- Y, f:X- R,j:X- R,a>0,
n>0, b2zar K>0,d>0, 0:R,- R,, 0:R,- R, and W:R, - R,, where 0(0)=0,
0(0)=0, w(0)=0, R, =[0,+ 9. Let's putB :{yi X:|y] ¢]}, B(x,d) :{yl' X:ly- x|¢ d}.

The mappingF is said to beS- (a,b,n,d, W) locally Lipschitz with the constari at the pointX | X, if
F satisfies the condition -

[Fx+x+y) - F(x+x)- Sx+y) +Sx)] ¢ Ky (K™ +y] © ) +w(x])
atX,yl dB.if w(t) 1 0, then the mappind- is said to beS- (a,b, n,d) locally Lipschitz with the constant
K at the pointX (see[5,p.50]). IW(t) 1 O and S(X) * O, then the maping F is said to be(@, b, n,d) locally
Lipschitz with the constanK at the pointX .

If there is the function0:R, - R,, where Ii‘g —==0, such that W(||X||) = 0(||X||b) then

oft) _
t

S- (a,b,n,d,w) locally Lipschitz with the constantK at the point X the mapping F we call
S- (a,b,n,d,o(b)) locally Lipschitz with the constariK  at the pointX .
We call the mappind=: X - Y satisfying the condition

[Fx+y)- F(x)- Sy ¢ Ky
atyl dB, S- (b,d) locally Lipschitz with the constari at the pointX .

~ o(t
If there is the functionD: R, - R, , wherelim Q =0, such that
t®0

[Fx+y)- F(®)- S(y)| ¢ 5(y[")
atyl dB, then we call the mapping: X - Y S- (0(b),d) locally Lipschitz at the poinK .
If F(x) =f(X), we put§(x) =] (X). Further we consider th&(0) =0 andj (0) =0 (if S0), O, itis
necessary to consider the functié(x) =§x)- S0)).
If the functionf : X - R satisfies the conditiod (X +Yy)- f(X)- ] (y) ¢ K||y||b atyl dB, we call the
function f] - (b,d) locally semiLipschitz with the constanK  at the pointX .

o(t
If there is the functiorO. R+ - R+ , wherelim Q =0, such that
t®0
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fFX+y)-f(®)- i (y)¢oly])
atyl dB, then we call the functionf - (0(b),d) locally semiLipschitz at the poiniX .
The] - (a,b,n,d,w) locally semiLipschitz function at the poinX is defined in the same way.

Let M E X,x, I M. Lets putd,, (X) = infﬂy- X|:yi I\/I}. Itis easily checked that
dy (Xo +x+y) - dyy (X, +3)| ¢ 4 y| (X" +y]™)
at X,yl X.
By B(X?,R) we designate the set of all continuous bilinear symmetriciimefrom X3 X in R . The set
M E B(X?,R) is called bounded, if there is a numter> O such thaliX*2 (x,y)| ¢ L||X|| CM at X, M.
Let the functionf : X - R be representable in the form
(X +X) =F(X,)+ sup X, (X)+ sup X;(x,X)+o(|x|"),

X1 1 X2 2

where M, E X" and M, EB(X?,R) are bounded sets,ofl)- 0 at | ®0. Lets put

j (x)= I,Sl"l\rjl X, (X) + O(||X||2) . Then it is easily checked thhtsatisfies] - (1,2,1d),d > O locally Lipschitz
X1 1
condition at the poin¥, .

If the functionsft 1 i W, satisfy @ ,b,n,d,w) Lipschitz condition with the constarh‘ at the pointX,
and L =sudL, :t [ W <+ gthenf (x)=supf (X) also satisfies@ ,b,n,d,w) locally Lipschitz condition
tlw

with the constant L at the poi, (see [6], p. 200).
Let's designatd ={0,1,2 ,m} andJ={1,2 ,m}.
3. On an existence of the solution .
Let CE X, X,I C. Let's put

T.(x,)={ul X" h >0h - 0,"x, - X,%u - ux +huli C},
T(X,;C)={ul X:$h >0,h - 0$u - ux,+hu i Ch.
C- X,

if CE X is aconvex set, thell.(X,) = T(X,;C) =cl8, (see [8,p.398)).

Lemma 3.1.1f X and Y are Banach spaced. : X - Y s a linear continuous surjective operator,
] ;:X- R are sublinear continuous functionsidt |, CE X is a convex setX,| C, max] ;(X)? O at
0¢i¢m

xi T.(x,)1KerL , then

g(y.a) :ﬁi )T =Tl GO a), T (1L Y), A,
’I\ +a, if TC(XO)lL—l(_ y):A

is a sublinear function i¥ 3 R™", and if besidednt T_(X,)1KerL , A  thenT (X ,)IL'(-y), A at
yl Y andg(y,a) is a sublinear continuous function 3 R™* .
Proof. Let &(X,a) =max(j (X)+@)), wherej . : X - R are sublinear continuous functionsidt | .
0¢i¢m

Let's designate

Vixy.a)=e(xa)+d o \()+d _ 8e(x,a):xT To(x )1l (-y),

Y= T xILC y).

It is easily checked tha¥/ (X, Y, @) is a sublinear lower semicontinuous function &(@/,a) =inf V(X,Y,a)
xl X

graphL~

is a sublinear function.
Let intT.(x,)1KerL , A . By the condition there is the mappinyl : Y - X (generally speaking,

discontinuous nonlinear), satisfying the conditidnAM = |, and|||\/| (y)|| ¢ c||y|| for someC > O (see [9], p. 128).
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As j P X - R are sublinear continuous functionsiz{t | , according to Hermander's theorem (see [10, p.17])

j(x)= m%’é)<p,x> at X1 X, wherelj . (0) is a weakly compact set i . Then there is a numbér, >0
pl

such that|p|, ¢ L, at pi 1 ,(0). Having put L :(r)y%lei we have thafp]. ¢ L at pl 8744 ,(0). it

d=maxa, then
0¢iem

g(y,a) = max(j ;(X)+a) ¢

i Te (xo)l?fL X+y=(Qocicm i TC(XO)I?[ X+y=0

As from LX+Yy =0 follows that X = M(- y) +Z, where zI KerL , then the systemX | T.(X,),
LXx+y=0 has the solutionX if and only if X=M(-y)+zl T.(x,) at some zi Ker . Let
X1 intT.(x,)1KerL . As IM(y)| ¢ cly| at yT Y, there existsd > 0 such thatM (- y) +X1 T.(x,) at
Iv|ed, yi Y. Then I (M(- y)+X)1 T.(x,) at Ivi¢d, yi 'Y and | 20. It is clear that
LOM(G-y)+xX)+ly=0 at ||y||¢d, yl'Y and |120. From here we have that
BMG- 2 +3)1 To(x,) and LG M- 2)+X)+y=0 a yi Y, y, 0. Therefore
T.(X,)IL*(-y), A atyl Y . Then

ac Lx|+d) = . (LM(y)+Z+d)e
I ayeo D= e HMEW )

¢ (L% M(- 2)+)|+d) ¢ d+La]y| + L|x
atyl Y .Asg(0,0)=0, from here it follows thag(y, a) is a continuous function. The lemma is proved.
Lemma 3.2. Let X and Y locally convex spaces §:X3 Y - R is proper convex function,
h(y) = IM g(X,y) also there is the poirk | X such thath(Yy) = g(X, V) , the following the statement is equiv-
alent 1) g1 ph(y), 2 (O,0)1 pg(x,y).

Proof. On the proposition 5.1[11,p.351 Ph(Y) in that and only in that case, whé{Y) + ' (q) = <q,7>.
It is clear, that

' (o) =surf(a.y) - h()} =sur(a.y)- inf o(x,y)} =supsuri{q,y)- g(x.y)} =g (0.q),
ie. h'(q) =g'(0,0) . Then g(X,¥) + g (0,0) =((0,0), (X,Y)). From here we hav€0,q) | pg(X,y)

(L[x] +d).

M
d

Similarly (0,0) I pg(X,¥) in that and only in that case, whefl ph(Y). The lemma is proved
If T cone, then designattl =T, where T™ negative polar cone (see [2], p.21) .
LetintTiKerL , A andg(y,a) = 4T |if'fx+y:059?%‘0 (x)+a).

Lemma 3.3.Let X locally convesspace &(X,8) =max(j ,(X) +4a)), wherej , : X - R sublinear con-

o¢iem
tinuous functions at| {0,,2 ,m} , L : X - Y linear continuous surjective operatdr, the convex closed cone,

intT1KerL , A and maxj (x)2 0 at x1 intT21 KerL . Then(y’,b)I pg(0,0) in that and only in

that case when exis@, 2 0, § a, =1itthat- L'y’ I da,1j ,(0)+N, b=a=(a,a,2 ,a,)
i=0

Proof. Let's designatedl = (a,,a,2 ,a,).0n the condition we have
6(0,0) =inf ( (x,0)+d, () + 0, (<0)) =6(00) +,(0) +,.,, (0,0) =V(000) =0
Then on the lemma 3.2 we hay ", b) | pg(0,0) in that and only in that case, whé®, y", b) I 1V (0,0,0).

Let's designate

f(x.y,8) =e(x,8), f,(x,y,8) =d,(x), f,(x,y,8) =0, (X Y).
From the condition and theorollary 6.6.8[12,p.341] follows that
WV(0,0,0) = 1£,(0,0,0) + i, (0,0,0) + 1, (0,0,0),

and

0y, b)1 Hf,(0,00) +11,(0,0,0) +f,(0,00),
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where If,(0,0,0) =(d, (0),00), 1f,(0,0,0) =(pd,,. (0,0),0).

The condition we havdman (X)2 0atxi T1KerL , A . Having designated
e(x,a)=maxj ,(x)+a)= ma)(] (x)+<(02 0,02 ,0),(0,2 0,a,02 O)))

o¢iem
According toDubovitskyMilyutin theorem ([9], p-234) we have that

1e(0,0) =cd(p,.10.2 0),(p,,0102 0),2 ,(p,.02 0):p, 1 1 ,(0)} =
={(al p.lo 0,20 ,):01,20al, =Lp1 1 (O
Therefore
(0,y",b)i {(gol M 0,01 ,,1,2,1 ):1,20, gol . =1 +(N,0,0) + f,(0,0,0).
it (X, y)I Md,.., (0,0), by definition of the subdifferential we have
o (- ¥) 2 (X X) + (Y - y)
at (x,y)i X3Y . Therefore <x*,x>+<y*,- LX> ¢0 at XI X. Then <X*,- X> +<y*,Lx> ¢O or
<X*,X> +<y*,- LX> 2 0 at x| X.From this it follows thal<X*,X> +<y*,- LX> =0atxl X.
Then we have(X*,X> - <L*y* ,X> =0 at x| X,ie. X =Ly Therefore(L'y",y)I ud,.., (0,0).
it (O,y",b)i LUV(0,0,0), then exista, 2 0, goai =land(L'y,y)I id,,..x (0,0) such that

0y, (22} (00 (a,a,2 ,a,)+ (N0 +(LY .y 0).

From this it follows that L'y | & a1 ,(0)+N, b=a=(a,,a,,2 ,a,). The lemmais proved.

i=0

From the proof of the lemma 3.3 follows that

O0.0) ={(Y' 1 0.l .2 .1 ) 1,2 0,1 =L p T j (0, x T N,

i=0
yiY,alp+x+Ly =0
i=0
- X) = j (X)+a)+d

Lets  put Gy (X) =max(j () +a)+d oy
N.(X,) =T.(X,) (see[8, p.169]) angdl X .

Lemma 3.4.If L :X - Y is alinear continuous surjective operatpr,: X - R are sublinear continuous
functions atil I, CE X is a set,X,I C, T.(X,) is Clarks tangent cone to the s& at the pointX,,
intT.(x,)1KerL , A maxj . (X)2 Oatxi T.(x,)1KerL, then

0¢i¢m

(oy)(). where (@Y)I R™SY,

Ginf{(p- x",X)- & aI (g, x)+a):1 2 oa| =1,

gZa,w(p):%qii [H X T N(x),p- &l g - xTImL}: if pll K,

f+o: if pl K,
where K =coBgj (0)+ N (x,)+ImL" and X1 T.(x,)1L*(- y) atany point.
Proof. Note that T, (X,)1L *(- y) is the closed convex set iX. .
As Gy (x)= 52?%((1 (x)+a)+ ch(Xo)lL'l(' y) (X), then

o (P) = sup {<p, x)- max(j ,(x) +a)} =
xi TC(XO) Lx + =0 - oiem
) xi TC(XO)S'iJ_pX+y Oory‘ltr?n (<p, > Ji60)-a)=- xi 7c (X)), LX+y_0°¢'¢””(‘| (- < >+a1)

Denote K ={pl X max(j ; (x) - (p,x))2 0 for xi T.(x,)1KerL}. Note that
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K =cosq ,(0)+(T.(x,)1KerL) . Therefore K =co8/lqy ;(0)+T.(x,) +(KerL)" ( see
[12], Teorem 6.6.7,p.341). As (KerL)" =ImL" (see [9], Lemma 2.1.7,p.130), then
K =cos4j ,(0)+ N (x,)+ImL’
Suppose Pl K. Then exist zi T.(x,)1KerL such that 52?%((] (2)- (p.2)) <0. Let

X1 intT.(x,)1KerL , A. From the proof Lemma 3.1 we get thal (M (- HyH)+X)| T.(X,) and
LEM(- ) +x)+y=0atyi Y .Notethatl zI T (x,)1KerL, 2 (M(- #) +%)+1 z[ T (x,)
and L (BL(M(- HyH)+X)+| z)+y=0for | 2 0. Therefore

ch(xo) LX+y oo ax(j (x)- (p, >+&))¢|nf max(] (I z+Y(M(- HyH)+x)

- (Pl Z+ B M(- 2)+%))+a) Cinf max(i (1 ) +] (% (M(- ) +X)- (p.] 2)-
- (PEM(- 2)+%)) +a) Cinf max(( (1 2)- (p.) 2))+
*max(] (L M(- ﬁ)+7)-<p,“y“(M( HyH)+X)>+aﬁ)¢maX(J (2)-
- (p2)sul +max(i (M- ) +%)- (pEM( ) +%))+a)=- 1
supposepl K . Lets putj }(x) =] ,(X)- (P, X). &(X,8) = max(j }(x)+a)), a=(a, a2 .a,)
and (Y, 8) =- g, (P) = T _omaiitg+a).

Let's denote
&(x,a) = max(j /(x) +&) = max(j /() +((0.2 0,1,@ ,0),(02 0,a,02 ,0))).
From theorem DubovitzkiMilyutin (see [9], p.234) follows that i
1e(0,0)=cd(p,,1,02 0),(p,,0,1,02 0).2 ,(p,.02 0,1):p, | 1 ()} =
={(al p.l ol 2 )i, 20481 =1p1 1 [0
Therefore by lemma 3.3 we have that
HA0.0={(Y' 1 o1 1,2 1)1 2 0,1 =1,p, 1 1 10X T Ne(x,),
y 1Y, alp+x+Ly =0}

According to Hermander's theorem (see [10,p.17]) we tieate

qly.a) = =) )ISUp (0,0)(<y ,Y)+ald a). Therefore
= [ = su ° 3 a)=
q(y’a) xl'Tc(Xo)?If—X —00¢|¢m(J ( ) al) (y ,| )| U(Fq)(O O)(<y y>+i:O Ia)

=suf(y’,y)+al @1 ,20.al, =1p1 H 1(0)x T Nc(x,),
y 1Y &l p+x +Ly =0}.

As ald p+X +L'y =0, then (L'y,x)=-(aZd ,p+x,X) for XI X. Therefore
< >=-<'m0| p +X X> for XI X.uf xI T (X )IL*(-y), then y =- LX. Then we have that
(y',y)=(and p, +x,x) for xI T (X,)1L (- y) . Then

g(a,y)(p) =-q(y,a) =- SUF{<§OI B +X*,X>+.§i0| & | i 2 0,,%]()' i =1,
pI W 0)X T Ne(x,)-al p- X1 ImL}
for x| Tc(xo)ll—-l(' y). As p|i W |1(0):H| .(0)- p, then p, =q, - p, where q|i W (0).

Therefore
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Gy (P) =~ SUR(8] (q, - P +X x)+ 81 21,2 0,81, =101 W, (OX T N(x,),
- _::{I p-x1TImL}=- sup{-(p,x>+<x*,x>+_gl (o, x)+a):1, 2
"I =101 W (0),x T N.(x,),p- a| q - x 1 ImL}

for x1 T.(X,)1L*(- y) . Then we have that

e H _ * _ A . 2 m -
* Cinf{(p- x",X) i§0| (a.x)+a):1,204al, =1,
9P =1 q 1 1 (0)x T N(x,).p- &l g -x1ImL}: i pi K,
i=0 ~
f+c ; if pl K.
The lemma is proved.
Let's put,, ,, (X) = (r)‘g?x(j (x)+a) +dT (x)1L (- y) (X) . Let the condition of Lemma 3.4 be satisfied.
tm e} 0 =
Then we have thaf X | X:g.,(X)=inf{g,,(2): zi X}} = g, (0) (see [12], Theorem 6.4.5,p.327).
Therefore ifpg;. .. (0) . A then, exists there is the elemetil T.(X,)1L (- y) such that
(ay)

QJ?%((J (X) +a) - xi TC(XO) L +y—0£p|?'m(‘l (X) +a’)

Let's note that, Ol int domg,,,, . thenpg,, , (0), A (see[12,p.327)). ’IX =R" and Ol ri domg,,,,
, then l"gZa,y) (0), A (see[1,p.233).

Corollary 3.1. If the condition of Lemma 3.4 be satisfied a@dl int(coB™gy ,(0)+ N.(X,)+ImL"), then
M9, (0), A

Lemma 3.5.Let X and Y be Hilbert spacesL : X - Y be a linear continuous surjective operator,
j,:X- R be sublinear continuous functionsidt I, CE X beasetX,| C, T.(X,) be Clarks tangent cone

of to the set C at the point X,, Fl(x):gm\%(ji(X)+dTC(XO)(X), r,(x) =d., (X),

intT.(x,)1KerL , A and Ol int(donT, +donT, ). Then there exists the solution of the problem

xITC(XO) LX+y 00¢|¢m(‘| (X)+a)

Proof. Let's consider the problem

Giay) (X) = gg?n)]((j i(X) + a1) + ch(Xo)lL'l(' y

Let's denote, (X) = gg%%((J (xX)+a)+ ch(Xo) (X), r,(x) = dL-l(- ) (X), then the condition of Lemma

)(x)- min,x1 X.

3.5 we have thaOl don, - donr,. if Ol int(dony, +donT,), u=inf{r,(x)+r,(x):xi X} and
u, =inf{r,(-p)+r,(p):pl X'}, then from Fenxel theorem (see[13,p.46]) there is the element
X1 T.(X,)IL*(- y) such that

max(j (})+a) = . oML ey _omax(l () *&).
As maxj ; (X)+ min & +d L (x )(X) ¢ r,(x) ¢ maxj ; (x) +maxa +d (x )(X) , then

sup{(P.X) - maxd ()~ maxa@, - d_ 1 (O} ¢ 1 (P) €
¢ sup{(p,x) - maxj ; (X)- mina - d_(x,) *%
where pl X .Therefore
sup{(P.X) - maxd ()= d_ 1 ()} - maxa, €1, (p) ¢
¢ supl(p.X)- maxd (- d,_ (9}~ min .

: _ . - ) = ) 4
Then we have thalom[ = donT, , whereT,(X) = gm\%q () dTC(xo)(X)'
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Let pi X" . From proof of Lemma 3.1 we have that
r,(p) = ,X)-d X)} = \X) = ,X) =
() =supl(p,x)- d ) ()} ) L_sll(pr)<p )= S (PX)

= sup(p,z+M(-y)) =(p,M(-y))+d__ . (p).

a Zi Ker (KerL)"
Therefore donT, =donT, = (KerL)", where T,(X) =d,_, (X). If O int(donT, +donT,), then
from Fenxel theorem (see[13,p.46]) there is the elerfdnt T (X,)1L (- y) such that
max(j () +a,) = ma(j () +).

inf
o¢iem «i TC(XO)’ |_X+y:0 o¢i¢m
The lemma is proved.
Lemma 3.6.If L : X - Y is alinear continuous surjective operatj)ri, : X - R are sublinear continuous
functions atil 1, CE X is a set,X,I C, T.(X,) is Clarks tangent cone of to the s&t at the pointX,

iNtT_(x,)1KerL , A | then there exists the solution of the problem inf max(j ,(X) +a) if
xi 7c(Xo), L X+y=0 ociem

and only if, there exist the elemerzs | domj ™, Z, 1 (KerL)" andZz,i T.(X,) suchthaiz, +Z,+Z, =0
g WLy ) (Z), A, where] (0 =i (). D00 =pax(  (0+3).
c\ Ao cicm ociem

Proot. et Gy () =maxi (9 +a)+d (31 )0 0O =madi (9 +a).

hZ(X)ZdL_l(_ y)(X) and h3(x):dTC(x0)(X)' From proof of Lemma 3.1 we have that

iNtT.(x,)1L*(-y), A at yi Y. pi dong,,,,. then by Teorem 6.5.8 [12,0.338] exists there is the
elements p, I domh;, p,i domh, and p,i domh, such that p=p,+p,+p, and
Jayy (P) =i () + 1, (p,) +3(p,) .
Let pl X". As gp?xj () +(|)'an acthx¢ gp?xj (x) +(r)??xai , then
sup{(p,X) - maxj ;(X)- maxa} ¢ h;(p) ¢ sup{(p,x) - maxj ,(X)- min &}.
xi X 0¢i¢m 0¢i¢m xi X 0¢i¢m o¢iem
Therefore
sup{(p,X) - maxj ; (X)} - max@ ¢ h (p) € sup{(p. ) - maxj ; (X)} - min .
Then we have thatlomh, =donj *, wherej (X) = gy_ng (x).
if pi X", then from proof of Lemma 3.5 we have

h,(p) =supl(p.x)- d () OO} =(P.MCY))+d, . (P).
if pi X", thenh,(p) :zuxp[<p,x>- ch(Xo) (X)} = sup )(p,x) = ch(Xo)' (p).

xi T (X
if pl dorrg:ayy), then by Corollary 6.5.9 [12,p.338] therz exist the elemmlfs domj *, pzi (KerL)"
andp, | T.(X,) suchthatp, +p, +p, =P and
Uy, (P) =INFLD (X)) + 0, 06G) +ho(XG) 1 p =X, +X;, +X} =
=N(P)+ (P ME W)+ (P)+d (3 (Po):
Then by Proposition 6.6.4[12,p.339] we have tmg:avy) (0), A if and only if, there exist the elements
zidom", Zi (KerL)" and ZI T.(X,) such that Z+Z,+Z,=0 and
uh; (z))1(KerL +M(- y))lpch(Xo)_ (z,), A. The lemmais proved.

Note that ifZ, I T.(X,) , then lJ.dTC(XO)_ () = NTc(Xo)' (Z,) (see 8)).

Let the condition of Lemma 3.6 be satisfied. Then by Proposition 6.6.3 [12, p.339] we have that
.., (0) E phy(z))1(Kerl + M(- y))1T.(X,) for Z | donj "1(KerL)". Therefore if

821 domj *1 (KerL ) M, (Z)1(KerL +M(- y))1T (X,) , A thenpg,,,, (0), A.
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Asj . :X- R are sublinear continuous functionsidt I, then zI ph;(z,) if and only if Z, I ph,(2).
Therefore ifdonj ~ E (KerL)", then pg:a’y) ), A.

Lets note that if g,  (X)=(p,,X)+a, +dT (x)1L(- y) (x) and h(x) =(p,,X)+a,, where
P, I X', thenph’(p,) = X and L"*(- y)1T.(x,) E Mg, (0). Therefore ifL™*(- y)1T.(X,) A | then
Mg, (), A.

4. Necessargondition of the secondrder. ; )
Let X and Y be Banach space§, : X - R, il I, F:X- Y, CEX.
Let's consider the problem

f,(x)- min, f(x)¢0,i=12 ,m, F(x)=0, xI C.@.1)

) , . & «
If CE X is a convex set anX, | C, we will designate thafC =intC8{X,}, S.(X,) =80

Let's note that ifintC , A and C is a convex set, the. (X,) = clS.(x,).

Theorem 4.1.1f X and Y are Banach space¥,, is the local minimum point in problem (4.1p>1, the
function f, satisfiesj , - (b,d) locally semiLipschitz condition with the constar at the pointX, , wherei | |
,j:X- R are sublinear continuous functions ik |, f,(X,)=0 atil J, the mappingF:X - Y is
strictly differentiable at the pointX, and Fi(X,)X =Y, C is a convex setintC , A, then there exist
simultaneously nozeroa, 2 0,a,2 0,2 ,a_2 Oandy | Y suchthata’@.j . (X) +<y* , Fi(XO)X> 20
at X1 T.(x,).

Proof. Let's designatd- = Fi(X,) . Let's show that the system

j (¥)<0j,x)<0.2 ,j ,(x)<0,Lx=0

has no solution o8 (X,) . Let's assume opposite. Let there exdh S.(X,) suchthatj (X) <O ati i1

and LX =0. As LX = Fi(X,)X =0 and Fi(X,)X =Y, according to Lyusternik's theorem there exi&tz O

()

and the mapping :[0,€] - X such that—2 - 0 at t ®0 and F(X, +tX+r(t)) =0 at ti [0,€]. By the

condition the functiorf, satisfies] | - (b,d) locally semiLipschitz condition with the consta at the pointX,,
whereil 1, b>1. Then by the condition we have that

f (X, +X+r(1) - f,(X,)- | (X +r(t)) ¢ K[tx + r(t)||b

atti [0,€], ||17+ I’(t)” ¢d, il I.Asj, isa continuous function, there exigl< d, ¢ %d such that

i+

¢%|j ) at

@H ¢ d, andil I. Then we receive that (X +$) ¢ %j (X) at

I’(tt) ¢d, and il {0,122 ,m} . As Q - 0 at t®0, then there existd , where 0<| <1, such that

(®) ¢d, atti (0,1. Then ||'[Y + I’(t)” ¢datti [0,1 ], wherel , =min{l ,

" ———d, €} . Therefore we

2|| ||

have that
b
fL 0+ B+() - () €054 () +KE" X+ ¢ 054, (%) +Kt" (X[ +d,)°
attl [0,1 ] andil I.From here we have thiiy(X, +tX +r(t))- f,(x,) <O, f, (X, +tX+r(t)) <0

il 3, F(x, +tX+1(t)) =0 at rather smaltt > 0. If XI S.(X,) = 8.>0C- X, , then there exists , >0
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_ X _ = .
such thatX| i ¢ ie X,+| XI C. Therefore X, +| XI intC. Then there exist, >0, where
0

r(t),: . ‘
| ,>n,,suchthatx, +1 X +(l 0g)l intC attl [0,n,] . Therefore

X, +1(X +Ltt)) = (1- li)x0 +|i(x0 X+ O(Q)ﬁ c

i.e. we have thaX, +tX + I’('[)l'0 C at “,0 [0,n,].

As X, is alocal minimum point in problem (4.1), we receive the contradiction. Therefore the sjy§(é@| <0
].(X)<0,2 ] ,(X)<0, LX =0 has no solution o5, (X,) . According to Theorem 5.5.3[7,p.366] there
exist  simultaneously —nemero a,20,2,202 ,a,20 and Y I Y  such that
alad,j () +(y,Fi(x,)x)2 0 at xI S.(x,).

As j :X- R are continuous functions atl | and L =Fj(X,) is alinear continuous operator,

al@,j () +(y ,Fi(x,)x)2 0 at xi cIS.(X,) = T.(X,). The theorem is proved.
From Theorem 4.1 we have that the zero point minimizes the convex function

ata) (0 +(y Fi0)X)+d (00 in X as pd_ (o (0)= Ne(X,), we receive tha

If , then from the proof of Theorem 4.1 we have that at

Let's note that in Theorem 4.1 it is possible to replace the condition: functgatisfies locally semi
Lipschitz condition with the constant at the point , by the condition: the function satisfies

locally semiLipschitz condition at the point

If and where at , then by definition there exists

such that at . Therefore from the proof Theorem 4.1 we have that if is any

set and there exists a hypertangent vector to the sat the point , Theorem 4.1 remains true if in Theorem

4.1 we replace theone by , Where is Clark's tangent cone to the set at the point

(see [2,p.212]), i.e. there exist simultaneously-nero and such that
at As are sublinear continuous functions at

we will receive from here that at
Let's consider the problem

where operator,
Let's put ) )
, where and
Theorem 4.2.If and  are Banach spaces, is the local minimum point in problem (4.2), at
, the functions , , satisfy locally semiLipschitz condition with the constant
at the point are sublinear continuous functions at are positive
homogeneous functions of degreeand satisfy locally Lipschitz condition with the constant at

the zero point at , the mapping is strictly differentiable at the point and



